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Abstract 
Doppler effect has been applied to study the accelerating universe and to daily life. We believe that 
to describe non-uniform moving system, physics laws should include terms of acceleration/deceleration 
for accuracy and completeness. In this article, we study systematically the effects of non-uniform 
motion of either source, or observer, or mirror on Doppler effect, called it the Extended Doppler effect. 
We show that, indeed, the non-uniform motion not only shifts wavelength/frequency but also changes 
wavelength/frequency and Extended Doppler shift continuously. There is no transformation between 
non-uniform moving reference frames. We derived Extended Doppler effect for non-uniform moving 
source, observer, and mirror based on (1) the speed of light wave is the same for all non-uniform 
moving frames; (2) geometric optical principles hold. We show that, for slow non-uniform motion, the 
shifts of wavelength/frequency depend on the relative velocity and relative acceleration/deceleration. 
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1. Introduction 
The classical Doppler effect is a shift in wavelength/frequency, which is caused by velocity of 
uniformly moving either source, or observer, or mirror. Doppler shift of wavelength/frequency is 
applied fruitfully in many fields including astronomy and Doppler radar. It is interesting that Doppler 
first proposed the effect in 1842 in his article “On the colored light of the binary stars and some other 
stars of the heavens”. In the 1920s, Hubble used Doppler redshift to measure the speed of stars/galaxies, 
established Hubble law, and made a revolutionary discovery that the universe is expanding. On the 
other hand, Doppler radar is applied in autopilot of automobile, Automated Driving System (ADS). 
In the 1998, Scientists reported a revolutionary discovery that the expansion of the universe is 
accelerating [1]. In the 2017, for explaining the accelerating universe, Doppler effect and Hubble law is 
extended to include acceleration [2]. It is shown that acceleration of either source, or observer, or both 
does affect the shifts of wavelength/frequency. 
In automobile application, to avoid accident more effectively, it is important to detect the change 
of car’s velocity, i.e., acceleration/deceleration. 
We believe that to describe an accelerating system, Doppler effect should include terms of 
acceleration/deceleration for accuracy and completeness. It is nature to expect to extend Doppler’s 
velocity-shift relation to include acceleration/deceleration. 
Note for accelerating/deceleration systems, both Galileo transformation and Lorentz 
transformation do not hold. Thus, we don’t take into account effects of Special Relativity. In this article, 
we derive formulas for light wave. One needs to distinguish whether a source is moving or an observer 
is moving, or both are moving. We restrict to 
1) low speed of source, observer and mirror; 
2) constant acceleration/deceleration; 
3) the speed of light is the same for all of accelerating/decelerating sources, observers and 
mirrors. 
Doppler effect is due to constant velocity and does not change with time. On the contrary, we 
show that the shift of wavelength/frequency due to acceleration/deceleration does change with time. 
The time changes of shifts are important in applications of the accelerating expansion of universe and 
of automatic drive of cars. In latter application, finding time change can predict the trend of movement 
of cars for better prevention of collision. 
 
2. Extended Doppler Effect of Non-Uniformly Moving Source and/or Observer 
The mechanism of Doppler effect is that when the source is emitting, each successive wave crest 
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is emitted from a position farther or closer to the observer than the previous wave crest. Therefore, 
each wave crest takes longer or shorter time to reach the observer than the previous one, i.e., increasing 
or reducing the wavelength. We argue that, for an accelerating/decelerating moving source, the same 
mechanism holds.  
In this section we consider simple cases that an observer has velocity v! , acceleration or 
deceleration, a! or d!, and the source has velocity v!, acceleration or deceleration a! or d!. Galileo 
and Lorentz transformations are not applicable for non-uniformly moving systems. We introduce a 
coordinate system in which both an observer and a source are accelerating/decelerating arbitrarily.  
First lets summarize notations. Velocity of receding motion is defined as positive, and velocity of 
approaching movement is defined as negative. Acceleration and deceleration have the same and 
opposite direction as that of velocity, respectively. Subscript “o” and “s” denote the quantities of 
observer and source respectively. Subscript “ED” denotes the Extended Doppler quantities. We derive 
shifts of wavelength/frequency, and time change of those shifts for each special situation. 
 
2.1.  Source is non-uniformly moving, Observer is stationary 
2.1.1. Source is receding with acceleration/deceleration 
Considering a situation that a wave source is receding from an observer with velocity (slower than 
the speed of wave), v!, and acceleration, a!. The speed of light is c =
!!
∆!!
, which is a constant for both 
the source and the observer. Where λ! is emitted wavelength and measured in the source coordinate 
system. ∆t! is the time interval that wave takes to move one wavelength λ!, ∆t! ≡  (t!" − t!") =
λ! c. 
Considering two consecutive wave crests #1 and #2 emitted at time t!" and t!" respectively.  . Now 
Let’s show that the acceleration of a source stretch the wavelength. During the time interval ∆t!, the 
source moves a distance D!, 
   D! = v!∆t! +
!
!
a!   ∆t! !.            (1)   
Thus, when the source is moving away from the observer, the wavelength is stretched from λ! to λ!,  
 λ! = λ! + D!.              (2) 
We obtain observed wavelength λ! , Extended Doppler shift cz!" , frequency f! , and Extended 
Doppler frequency f!" ≡ f! − f!, respectively, 
 λ! = λ! 1 +
!!
!
+ !!!!
!"!
,            (3) 
 cz!" ≡
!!
!!
−1 = v! + a!
!!
!"
.           (4) 
     f! =
!!
!!!!! !
!!!!
!"!
,             (5) 
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   f!" = −
!!
! !!!
!!
!!!
!!!!! !
!!!!
!"!
f!.             (6) 
Indeed the acceleration of a receding source does shift the wavelength/frequency. The first terms 
on the right hand sides of Eq. (4) is Doppler redshift; the second term is redshift due to acceleration, 
denoted as “Acceleration-redshift”. 
Time Changes. A significant difference between Doppler effect and Extended Doppler effect is that 
the observed wavelength, frequency, Extended Doppler frequency, and Extended Doppler shift are 
time dependent. Taking derivative with respect to time, we obtain, 
!
!!
!!!
!"
= a!,              (7) 
!
!!
!"!"
!"
= !
!!
!"!
!"
= − !!
!!!!! !
!!!!
!"!
!,           (8) 
c !"!"
!"
= a!.              (9) 
From the definitions of Extended Doppler frequency and Doppler shift, we have respectively  
 !"!
!"
= !"!"
!"
,              (10a) 
 !
!!
!!!
!"
= c !"!"
!"
.              (10b) 
Note, therefore, in the rest of the article, we will not write formulas of !"!
!"
 and !!!
!"
. 
Approximation. For slow moving source, keeping the first order terms, we obtain, 
    f! ≈ f! 1 −
!!
!
− !!!!
!"!
,            (5a) 
 f!" ≈ −
!!
!
+ a!
!!
!!!
f!,           (6a)   
 !
!!
!"!"
!"
≈ −a!.              (8a) 
Eq. (7-9) implies that acceleration a! causes the time change of wavelength and frequency. The 
acceleration of a source may be measured by detecting the time change of shifts of wavelength and 
frequency. 
Deceleration. For the case of a source is receding with a deceleration, the formulas have the same form 
as that of acceleration, just need to replace acceleration a! by negative deceleration −d!. We obtain, 
    λ! = λ! 1 +
!!
!
− !
!
d!
!!
!!
,            (11) 
 cz!" = v! − d!
!!
!"
,            (12) 
    f!" = −
!!
! !
!!!!
!"!
!!!!! !
!!!!
!"!
f!,             (13) 
!
!!
!"!"
!"
= !!
!!!!!   !  
!!!!
!"!
!,            (14) 
c !"!
!"
= −d!,              (15) 
    f!" ≈ −
!!
!
− !!!!
!"!
f!.            (13a) 
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!
  !!
!"!"
!"
≈ d!.              (14a) 
The deceleration of a source may be measured by detecting the time change of shifts of 
wavelength/frequency.  
 
2.1.2. Source is approaching with acceleration/deceleration 
For the case of source approaching with acceleration, during the time interval ∆t!, the source 
moves a distance D! = v!
!!
!
+ !
!
a!
!!
!
!
. We obtain, 
λ! = λ! − D! = λ! 1 −
!!
!
− !!!!
!"!
,          (16) 
cz!" = −v! − a!
!!
!"
,            (17) 
f! =
!!
!!!!!   !  
!!!!
!"!
  
,              (18) 
f!" =
!!
! !
!!!!
!!!
!!!!!   !  
!!!!
!!!
  
f!.             (19) 
Time Change. Taking derivative with respect to time, we obtain, 
!
!!
!!!
!"
= −a!,              (20) 
c !"!"
!"
= −a!.              (21) 
!
!!
!"!
!"
= !!
!!  !!!   !  
!!!!
!"!
!.             (22) 
Approximation. For slow moving source, keeping first order terms, we obtain, 
    f! ≈ f! 1 +
!!
!
+ !!!!
!"!
,            (18a) 
    f!" ≈
!!
!
+ !!!!
!"!
f!.             (19a) 
 !
!!
!"!
!"
≈ a!,              (22a) 
Deceleration. For the case of receding source with deceleration, by replacing a! with −d!, we obtain, 
λ! = λ! − D! = λ! 1 −
!!
!
+ d!
!!
!"!
,          (23) 
f! =
!!
!!!!! !  
!!!!
!"!
  
，             (24) 
f!" =
!!
! !
!!!!
!"!
!!!!! !  
!!!!
!"!
  
f!，             (25) 
cz!" = −v! + d!
!!
!"
.            (26) 
!
!!
!"!"
!"
= − !!
!!  !!! !  
!!!!
!"!
!,            (27) 
c !"!"
!"
= d!.              (28) 
    f! ≈ f! 1 +
!!
!
− !!!!
!"!
,            (24a) 
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    f!" ≈
!!
!
− !!!!
!"!
f!.             (25a) 
 !
!!
!"!"
!"
≈ −d!.              (27a) 
 
2.2.  Observer is non-uniformly moving, Source is stationary 
2.2.1. Observer is receding with acceleration/deceleration 
Considering a situation that an observer is receding away from a source with velocity v! and 
acceleration a!. Considering two consecutive wave crests #1 and #2 received by the observer at time 
t!" and t!" respectively; and ∆t! ≡  (t!" − t!") =
λ! c. The wave velocity is: c =
!!
∆!!
. Where λ! is 
the observed wavelength measured in the observer coordinate system. ∆t! is the time interval that 
wave takes to move one wavelength λ!. During the time interval ∆t!, the observer moves a distance 
D! = v!
!!
!
+ !
!
a!   
!!
!
!
.           (29)  
The wavelength is,  
λ! = λ! + D! = λ! + v!
!!
!
+ !
!
a!   
!!
!
!
.        (30)   
For simplicity, we resolve Eq. (30) by the following approach. We obtain, 
λ! =
!!
!! !!! !
!!
!
!!
!!
,              (31) 
f! = f! 1 −
!!
!
− !!
!
!!
!!
   .            (32) 
f!" = −f!
!!
!
+ !!
!
!!
!!
   .            (33) 
cz!" =
!!!
!!!!
!"
!! !!! !
!!
!
!!
!!
.             (34) 
Time Change. Taking derivative with respect to time, we obtain, 
!
!!
!"!"
!"
= −a!.              (35) 
c !"!"
!"
= !!
!! !!! !
!!
!
!!
!!
!.            (36) 
Approximation. For slowly moving observer, keeping first order terms and taking λ!/𝑐 ≈ λ!/𝑐, we 
obtain 
    λ! ≈ λ! 1 +
!!
!
+ !!!!
!!!
.            (31a) 
    f! ≈ f! 1 −
!!
!
− !!
!
!!
!!
   .           (32a) 
 f!" ≈ −f!
!!
!
+ !!
!
!!
!!
   .            (33a) 
 cz!" ≈ v! +
!!!!
!"
.             (34a) 
 c !"!"
!"
≈ a!.              (36a) 
It is straightforwardly to show that for slow motion, the results obtained above are the same as that 
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obtained from directly resolve Eq. (30) as a non-linear equation. Throughout this article we use the 
above approach.  
Deceleration. For the case of observer is receding with deceleration, by replacing a! with −d! in 
above formulas, we obtain, 
λ! =
!!
!! !!! !
!!
!
!!
!!
,              (37) 
f! = f! 1 −
!!
!
+ !!
!
!!
!!
   .            (38) 
f!" = −f!
!!
!
− !!
!
!!
!!
   .            (39) 
cz!" =
!!!  
!!!!
!"
!! !!! !
!!
!
!!
!!
.             (40) 
!
!!
!"!"
!"
= d!.              (41) 
c !"!"
!"
= − !!
!! !!! !
!!
!
!!
!!
!,            (42) 
    λ! ≈ λ! 1 +
!!
!
− !!!!
!!!
,            (37a) 
    f! ≈ f! 1 −
!!
!
+ !!
!
!!
!!
   ,           (38a) 
 f!" ≈ −f!
!!
!
− !!
!
!!
!!
   ,            (39a) 
 cz!" ≈ v! −
!!!!
!"
,             (40a) 
 c !"!"
!"
≈ −d!.              (42a) 
 
2.2.2. Observer is approaching with acceleration/deceleration 
For the case of acceleration, the observer moves a distance D!, 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (43)  
and λ! = λ! − D!. We obtain,  
    λ! =
!!
!! !!! !
!!
!
!!
!!
，             (44)  
 f! = f! 1 +
!!
!
+ !!
!
!!
!!
，           (45) 
 f!" = f!
!!
!
+ !!
!
!!
!!
.            (46) 
 cz!" = −
!!!    
!!!!
!"
!! !!! !
!!
!
!!
!!
.            (47) 
Time Change. Taking time derivative, we obtain, 
!
!!
!"!"
!"
= a!.              (48) 
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c !"!"
!"
= − !!
!! !!! !
!!
!
!!
!!
!.            (49) 
Approximation. For slow moving observer, keeping first order terms and taking !!
!
≈ !!
!
, we obtain 
λ! ≈ λ! 1 −
!!
!
− !!
!
!!
!!
,           (44a) 
f! ≈ f! 1 +
!!
!
+ !!
!
!!
!!
，           (45a) 
f!" ≈ f!
!!
!
+ !!
!
!!
!!
.            (46a) 
cz!" ≈ −v! −
!!!!
!"
.             (47a) 
c !!!"
!"
≈ −a!.              (49a) 
Deceleration. During the time interval ∆t!, the observer moves a distance D!, replacing a! by −d!, 
we obtain D! = v!
!!
!
− !
!
d!   
!!
!
!
, λ! = λ! − D!, and,  
λ! =
!!
!! !!! !
!!
!
!!
!!
,             (50) 
f! = f! 1 +
!!
!
− !!
!
!!
!!
.           (51) 
f!" = f!
!!
!
− !!
!
!!
!!
.            (52) 
cz!" = −
!!!  
!!!!
!"   
!!!!! !    
!!!!
!!!
  
.            (53) 
  !
!!
!"!"
!"
= −d!.             (54) 
  c !"!"
!"
= − !!!
!! !!! !
!!
!
!!
!!
!.           (55) 
  λ! ≈ λ! 1 −
!!
!
+ !!
!
!!
!!
,           (50a) 
  f! ≈ f! 1 +
!!
!
− !!
!
!!
!!
,           (51a) 
  f!" ≈ f!
!!
!
− !!
!
!!
!!
.            (52a) 
  cz!" ≈ −v! +
!!!!
!"
.            (53a) 
  c !"!"
!"
≈ d!.              (55a) 
 
2.3.  Source is moving, Observer is moving 
In this section, we will show that, for slow motion, the effects of the movement of both a source 
and an observer on the shifts of wavelength/frequency are the same. Namely, the shift of wavelength/ 
frequency is dependent on the relative speed and relative acceleration between the source and observer. 
2.3.1. Source and Observer are receding with acceleration/deceleration 
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First, the movement of a source shifts the wavelength/frequency. Then the shifted wavelength and 
frequency is shifted further due to the movement of the observer. Following above arguments and 
notations, when both source and observer move away from each other with accelerations, the moving 
distances are, respectively,  
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (56a) 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
.            (56b) 
Let’s consider separately: the wavelength and frequency shifted by the movement of the source are 
λ! = λ! + D! and f!. To the observer, the incident wavelength and frequency are λ! and f!, so the 
wavelength is stretched from λ! to λ!, λ! = λ! + D!. Therefore, we obtain   
  λ! =
!!!!! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (57) 
    f! =
!!!!! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
f!.             (58) 
    f!" = −
!!!!! /!! !!!!!!!!! /!!!
!!!!! !
!!!!  
!!!
f!.          (59) 
  cz!" =
!!!!!!
!
!" !!!!!!!!!
!  !  !!!   !  
!!!!  
!!!
  
.           (60) 
Time Change. taking time derivative, we obtain, 
    !
!!
!"!"
!"
= !!!
!!!!! !
!!!!  
!!!
−
!!!!! !
!!!!  
!!!
!!
!!!!! !
!!!!  
!!!
! ,          (61) 
    c !"!"
!"
= !!!!!
!  !  !!!   !  
!!!!  
!!!
  
+
!!!!!!
!
!" !!!!!!!!!
!  !  !!!   !  
!!!!  
!!!
!
  
!!
!
.        (62) 
Approximation. For slow motion, keeping the first order terms and taking λ!/𝑐 ≈ λ!/𝑐, we obtain 
    λ! ≈ 1 +
!!!!!
!
+ !!!!!  
!!!
λ! λ!,           (57a) 
    f! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! f!,           (58a) 
    f!" ≈ −
!!!!!
!
+ !!!!!
!!!
λ! f!,           (59a) 
    cz!" ≈ v! + v! +
!
!"
a! + a! λ!.          (60a) 
 !
!!
!"!"
!"
≈ − a! + a! ,            (61a) 
 c !"!"
!"
≈ a! + a!.              (62a) 
Eq. (57a-62a) implies that for slow motion, the effects of the movements of a source and an 
observer on wavelength/frequency are equivalent. 
Observer is receding with decelerating. In above formulas, replacing a! by −d!, we obtain 
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   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (63) 
   D! = v!
!!
!
− !
!
d!
!!
!
!
,            (64) 
λ! =
!!!!! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (65) 
    f! =
!!!!! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
f!.             (66) 
    f!" = −
!!
! !
!!
! !
!!!!  
!!!
  !  !!!!  
!!!
!!!!! !
!!!!  
!!!
f!.          (67) 
 cz!" =
!!!!!!
!
!" !!!!!!!!!
!  !  !!! !  
!!!!  
!!!
  
.           (68) 
    !
!!
!"!"
!"
= !!
!!!!! !
!!!!  
!!!
−
!! !!
!!
! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
! ,          (69) 
 c !"!"
!"
= !!!!!
!  !  !!! !  
!!!!  
!!!
  
−
!!!!!!
!
!" !!!!!!!!!
! !  !  !!! !  
!!!!  
!!!
!
  
d!,       (70) 
    λ! ≈ 1 +
!!!!!
!
+ !!!!! !!  
!!!
λ!,          (65a) 
    f! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! f!,           (66a) 
    !
!!
  f!" ≈ − v! + v! −
!!!!!  
!!
λ!.          (67a) 
 cz!" ≈ v!+v! +
!!!!! !!  
!!
,           (68a) 
 !
!!
!"!"
!"
≈ − a! − d! ,            (69a) 
 c !"!"
!"
≈ a! − d!.              (70a) 
Source is receding with deceleration. Replacing a! with −d!, we obtain 
 D! = v!
!!
!
− !
!
d!   
!!
!
!
,           (71a) 
 D! = v!
!!
!
+ !
!
a!   
!!
!
!
,           (71b) 
λ! =
!!!!! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (72) 
  f! =
!!!!!   !  
!!!!  
!!!
!!!!!   !  
!!!!  
!!!
f!.             (73) 
  f!" = −
!!!!!
! !
!!!!!!!!!
!!!
!!!!! !  
!!!!  
!!!
f!.           (74) 
cz!" =
!!!!!!
!
!" !!!!!!!!!
!  !  !!!   !  
!!!!  
!!!
  
,           (75) 
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!
!!
!"!"
!"
= !!!
!!!!! !  
!!!!  
!!!
+
!! !!
!!
! !
!!!!  
!!!
!!!!! !  
!!!!  
!!!
! ,         (76) 
c !"!"
!"
= !!!!!
!  !  !!!   !  
!!!!  
!!!
  
+
!!!!!!
!
!" !!!!!  !!!!
!  !  !!!   !  
!!!!  
!!!
!
  
!!
!
,       (77) 
     λ! ≈ 1 +
!!!!!
!
+ !!!  !!  
!!!
λ! λ!,          (72a) 
     f! ≈ 1 −
!!!!!
!
− !!!  !!  
!!!
λ! f!,          (73a) 
     f!" ≈ −
!!!!!
!
+ !!!  !!
!!!
λ! f!,           (74a) 
  cz!" ≈ v! + v! +
!
!"
a! − d! λ!.          (75a) 
!
!!
!!!"
!"
≈ − a! −   d! ,            (76a) 
c !"!"
!"
≈ a! − d!.              (77a) 
Source and Observer are receding with deceleration. By	   replacing	   a!	   and	   a!	   with	   −d!	   and	  
−d!,	  we	  obtain, 
D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (78a) 
 D! = v!
!!
!
− !
!
d!   
!!
!
!
,           (78b)  
    λ! = λ!
!!!!! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
,             (79) 
 f! = f!
!!!!! !  
!!!!  
!!!
  
!!!!  !   !  
!!!!  
!!!
,             (80) 
    f!" = −f!
!!
! !
!!
! ! !!!!!!!!!
!  
!!!
!!!!!   !  
!!!!  
!!!
,          (81) 
 cz!" =
!!!!!!
!
!" !!!!!!!!!
!  !  !!! !  
!!!!  
!!!
  
,           (82) 
!
!!
!"!"
!"
= !!
!!!!! !  
!!!!  
!!!
+
!! !!
!!
! !
!!!!  
!!!
!!!!! !  
!!!!  
!!!
! ,         (83) 
c !"!"
!"
= − !!!!!
!  !  !!! !  
!!!!  
!!!
  
−
!!!!!!  
!
!" !!!!!  !!!!
!  !  !!! !  
!!!!  
!!!
!
  
!!
!
,       (84) 
     λ! ≈ λ! 1 +
!!!!!
!
− d! + d!   
!!
!!!
,         (79a) 
     f! ≈ f! 1 −
!!!!!
!
+ d! + d!   
!!
!!!
,         (80a) 
     f!! ≈ −
!!
!
v! + v! − d! + d!
!!  
!!
,         (81a) 
  cz!" ≈ v! + v! − d! + d!
!!
!"
.           (82a) 
!
!!
!"!"
!"
≈ d! + d! ,            (83a) 
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c !"!"
!"
≈ − d! + d! .             (84a) 
 
2.3.2. Source is receding with acceleration/deceleration, 
Observer is approaching with acceleration/deceleration 
For	   the	   case	  of	  Source is receding with acceleration, Observer is approaching with acceleration, the	  
moving	  distances	  of	  the	  source	  and	  observer	  are	  respectively, 
    D! = v!
!!
!
+ !
!
a!   
!!
!
!
,           (85a) 
    D! = v!
!!
!
+ !
!
a!
!!
!
!
.           (85b) 
The wavelength is λ! = λ! + D! − D!. We obtain, 
 λ! =
!!!!! !
!!!!  
!!!
!!!!! !  
!!!!  
!!!
λ!,             (86) 
    f! =
!!!!! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
f!.             (87) 
    f!" = f!
!!
!   !  
!!
! !
!!!!  
!!!
  !  !!!!  
!!!
!!!!! !
!!!!  
!!!
.           (88) 
    cz!" =
!!!  !!!
!
!" !!!!!  !!!!
!!!!! !
!!!!  
!!!
  
.	             (89) 
Time Change. Taking derivative with respect to time, we obtain, 
 !
!!
!"!"
!"
= !!
!!!!! !
!!!!  
!!!
−
!! !!
!!
! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
! ,          (90) 
 c !"!"
!"
= !!!!!
!!  !!! !  
!!!!  
!!!
  
−
!!!!!!
!
!" !!!!!!!!!
! !!  !!! !  
!!!!  
!!!
!
  
a!.        (91)  
Approximation. For slow motion and acceleration, keeping the first order terms and taking λ!/𝑐 ≈
λ!/𝑐, we obtain 
 λ! ≈ 1 +
!!!!!
!
+ !!!!!  
!!!
λ! λ!,          (86a) 
    f! ≈ 1 −
!!!!!
!
−   !!!!!  
!!!
λ! f!.           (87a) 
    f!" ≈ −
!!
!
v!   −   v! +
!!
!!
a! − a! .         (88a) 
    cz!" ≈ v! −   v! +
!!
!"
a! −   a! .	            (89a) 
!
!!
!"!"
!"
≈ − a! − a! ,             (90a) 
 c !"!"
!"
≈ a! − a!.              (91a) 
Source is receding with acceleration, Observer is approaching with deceleration 
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For this case, replacing a! with −d!, we obtain 
    D! = v!
!!
!
+ !
!
a!   
!!
!
!
,           (92a) 
    D! = v!
!!
!
− !
!
d!
!!
!
!
.           (92b) 
The wavelength is λ! = λ! + D! − D!. We obtain, 
 λ! =
!!!!! !
!!!!  
!!!
!!!!! !  
!!!!  
!!!
λ!,             (93) 
    f! =
!!!!! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
f!,             (94) 
    f!" = f!
!!
!   !  
!!
! !
!!!!  
!!!
!  !!!!  
!!!
!!!!! !
!!!!  
!!!
,           (95) 
    cz!" =
!!!  !!!
!
!! !!!!!  !!!!
!!!!! !  
!!!!  
!!!
  
,	             (96) 
    !
!!
!"!"
!"
= !!!
!!!!! !
!!!!  
!!!
−
!! !!
!!
! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
! ,          (97) 
 c !"!"
!"
= !!!!!
!!  !!! !  
!!!!  
!!!
  
+
!!!!!!
!
!" !!!!!!!!!
! !!  !!! !  
!!!!  
!!!
!
  
d!,        (98) 
λ! ≈ 1 +
!!!!!
!
+ (!!!!!)!!  
!!!
λ!,          (93a) 
    f! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! f!,           (94a) 
    f!" ≈ f!
!!
!
  −   !!
!
− !!!!!  
!!!
λ! ,          (95a) 
    cz!" ≈ v! −   v! +
!
!"
a! +   d! λ!,	            (96a) 
!
!!
!"!"
!"
≈ − a! + d! ,            (97a) 
 c !"!"
!"
≈ a! + d!.              (98a) 
Source is receding with deceleration, Observer is approaching with acceleration. For this case the 
moving distances of the source and observer are, respectively, 
D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (99a) 
 D! = v!
!!
!
+ !
!
a!   
!!
!
!
.           (99b)  
The wavelength is stretched from λ! to λ!, λ! = λ! + D! − D!. By replacing a! with −d!, we have 
λ! = λ!
!!!!! !
!!!!  
!!!
!!!!! !
!!!!  
!!!
,             (100) 
f! = f!
!!!!! !  
!!!!  
!!!
  
!!!!  !   !  
!!!!  
!!!
,             (101) 
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  f!" = f!
!!
! !
!!
! ! !!!!!!!!!
!  
!!!
!!!!!   !  
!!!!  
!!!
,          (102) 
  cz!" =
!!!!!!
!
!" !!!!!!!!!
!!  !!! !  
!!!!  
!!!
  
,           (103) 
!
!!
!"!"
!"
= !!
!!!!! !  
!!!!  
!!!
+
!! !!
!!
! !
!!!!  
!!!
!!!!! !  
!!!!  
!!!
! ,         (104) 
c !"!"
!"
= − !!!!!
!!  !!! !  
!!!!  
!!!
  
−
!!!!!!  
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
!
  
!!
!
,       (105) 
     λ! ≈ λ! 1 +
!!!!!
!
− !!!!!  
!!!
λ! ,          (100a) 
f! ≈ f! 1 −
!!!!!
!
+   !!!!!  
!!!
λ! ,          (101a) 
f!" ≈ −
!!
!
v! − v! − d! + a!
!!  
!!
,         (102a) 
cz!! ≈ v! − v! −
!
!"
d! + a! λ!.           (103a) 
!
!!
!"!"
!"
≈ a! + d! ,            (104a) 
c !"!"
!"
≈ − a! + d! .             (105a) 
Source is receding with deceleration, Observer is approaching with deceleration 
The moving distances of the source and observer are, respectively, 
D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (106a) 
 D! = v!
!!
!
− !
!
d!   
!!
!
!
.           (106b)  
The wavelength is stretched from λ! to λ!, λ! = λ! + D! − D!. We obtain, 
λ! = λ!
!!!!! !
!!!!  
!!!
!!!!!   !  
!!!!  
!!!
,            (107) 
f! = f!
!!!!! !  
!!!!  
!!!
  
!!!!  !   !  
!!!!  
!!!
,             (108) 
  f!" = f!
!!
! !
!!
! ! !!!!!!!!!
!  
!!!
!!!!!   !  
!!!!  
!!!
,          (109) 
  cz!" =
!!!!!!
!
!" !!!!!!!!!
!!  !!! !  
!!!!  
!!!
  
,           (110) 
!
!!
!"!"
!"
= − !!
!!!!! !  
!!!!  
!!!
+
!! !!
!!
!   !  
!!!!  
!!!
!!!!! !  
!!!!  
!!!
! ,         (111) 
c !"!"
!"
= − !!!!!
!!  !!! !  
!!!!  
!!!
  
−
!!!!!!  
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
!
  
!!
!
,       (112) 
     λ! ≈ λ! 1 +
!!!!!
!
− !!!!!  
!!!
λ! ,          (107a) 
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f! ≈ f! 1 −
!!!!!
!
+   !!!!!  
!!!
λ! ,          (108a) 
f!" ≈ −
!!
!
v! − v! − d! − d!
!!  
!!
,         (109a) 
cz!" ≈ v! − v! −
!
!"
d! − d! λ!.           (110a) 
!
!!
!"!
!"
≈ − d! − d! ,            (111a) 
c !"!"
!"
≈ d! − d! .             (112a) 
 
2.3.3. Source is approaching with acceleration/deceleration, 
Observer is receding with acceleration/deceleration 
For the case of accelerations, a source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (113a) 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
.            (113b) 
The observed wavelength is changed, λ! = λ! − D! + D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (114) 
    f! =
!!!!! !
!!!!  
!!!
!!  !!!   !  
!!!!  
!!!
f!.             (115) 
    f!" = −
!!!  !! /!! !!!!!  !!!! /!!!
!!  !!!   !  
!!!!  
!!!
f!.          (116) 
  cz!" = −
!!!  !!!
!
!" !!!!!  !!!!
!  !  !!!   !  
!!!!  
!!!
  
.          (117) 
Time Change. taking time derivative, we obtain, 
    !
!!
!"!
!"
= !!!
!!!!! !
!!!!  
!!!
+
!!!!! !
!!!!  
!!!
!!
!!  !!!   !  
!!!!  
!!!
! ,          (118) 
    c !"!"
!"
= − !!!!!
!  !  !!!   !  
!!!!  
!!!
  
−
!!!!!!
!
!" !!!!!!!!!
!  !  !!!   !  
!!!!  
!!!
!
  
!!
!
.       (119) 
Approximation. For slow motion and acceleration, keeping the first order terms and taking λ!/𝑐 ≈
λ!/𝑐, we obtain 
    λ! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! λ!,           (114a) 
    f! ≈ 1 +
!!!!!
!
+ !!!!!  
!!!
λ! f!,           (115a) 
    f!" ≈ −
!!!!!
!
+ !!!!!
!!!
λ! f!,           (116a) 
    cz!" ≈ v! − v! +
!
!"
a! − a! λ!.          (117a) 
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 !
!!
!"!"
!"
≈ − a! − a! ,            (118a) 
 c !"!"
!"
≈ a! − a!.              (119a) 
Source is approaching with acceleration, Observer is receding with deceleration 
For this case, replacing a! with −d!, 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (120a) 
   D! = v!
!!
!
− !
!
d!   
!!
!
!
.           (120b) 
The observed wavelength is changed, λ! = λ! − D! + D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (121) 
   f! =
!!!!! !
!!!!  
!!!
!!  !!!   !  
!!!!  
!!!
f!.             (122) 
    f!" =
!!!  !!
! ! !!!!!  !!!! /!!
!
!!  !!!   !  
!!!!  
!!!
f!.          (123) 
  cz!" =
!!!  !!!
!
!" !!!!!  !!!!
!  !  !!! !  
!!!!  
!!!
  
.           (124) 
     !
!!
!"!"
!"
= !!
!!!!! !
!!!!  
!!!
+
!!!!! !
!!!!  
!!!
!!
!!  !!!   !  
!!!!  
!!!
! ,          (125) 
     c !"!"
!"
= − !!!!!
!  !  !!! !  
!!!!  
!!!
  
−
!!!!!!
!
!" !!!!!!!!!
!  !  !!!   !  
!!!!  
!!!
!
  
!!
!
.       (126) 
     λ! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! λ!,          (121a) 
     f! ≈ 1 +
!!!!!
!
+ !!!!!  
!!!
λ! f!,          (122a) 
     f!" ≈ −
!!!!!
!
− !!!!!
!!!
λ! f!,           (123a) 
  𝑐z!" ≈ v! − v! −
!
!"
d! + a! λ!.          (124a) 
  !
!!
!"!
!"
≈ d! + a! ,             (125a) 
  c !"!"
!"
≈ −(d! + a!).             (126a) 
Source is approaching with deceleration, Observer is receding with acceleration 
For this case, a source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (127a) 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
.            (127b) 
The wavelength is changed, λ! = λ! − D! + D!. We obtain,  
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λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (128) 
    f! =
!!!!! !
!!!!  
!!!
!!  !!! !  
!!!!  
!!!
f!.             (129) 
    !
!!
f!" = −
!!!  !!!
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
.           (130) 
  cz!" =
!!!  !!!
!
!" !!!!!  !!!!
!  !  !!!   !  
!!!!  
!!!
  
,           (131) 
    !
!!
!"!"
!"
= !!!
!!!!! !
!!!!  
!!!
−
!!!!! !
!!!!  
!!!
!!
!!  !!! !  
!!!!  
!!!
! ,          (132) 
    c !"!!
!"
= !!!!!
!  !  !!!   !  
!!!!  
!!!
  
+
!!!!!!
!
!" !!!!!!!!!
!  !  !!!   !  
!!!!  
!!!
!
  
!!
!
,        (133) 
    λ! ≈ 1 −
!!!!!
!
+ !!!!!  
!!!
λ! λ!,           (128a) 
    f! ≈ 1 +
!!!!!
!
− !!!!!  
!!!
λ! f!,           (129a) 
    !
!!
f!" ≈ − v! − v! +
!
!"
(a! + d!)λ! ,         (130a) 
    cz!" ≈ v! − v! +
!
!"
a! + d! λ!.          (131a) 
!
!!
!"!"
!"
≈ − a! + d! ,             (132a) 
 c !"!"
!"
≈ a! + d!.              (133a) 
Source is approaching with deceleration, Observer is receding with deceleration  
For this case, a source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (134a) 
   D! = v!
!!
!
− !
!
d!   
!!
!
!
.           (134b) 
The wavelength is changed, λ! = λ! − D! + D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (135) 
   f! =
!!!!! !
!!!!  
!!!
!!  !!! !  
!!!!  
!!!
f!,             (136) 
    f!" =
!!!  !!
! ! !!!!!  !!!! /(!!
!)
!!  !!!   !  
!!!!  
!!!
f!,          (137) 
  cz!" =
!!!  !!!
!
!" !!!!!  !!!!
!  !  !!! !  
!!!!  
!!!
  
,           (138) 
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    !
!!
!"!"
!"
= !!
!!!!! !
!!!!  
!!!
−
!!!!! !
!!!!  
!!!
!!
!!  !!! !  
!!!!  
!!!
! ,          (139) 
    c !"!"
!"
= !!!!!
!  !  !!! !  
!!!!  
!!!
  
−
!!!!!!
!
!" !!!!!!!!!
!  !  !!! !  
!!!!  
!!!
!
  
!!
!
.        (140) 
λ! ≈ 1 −
!!!  !!
!
+ (d! − d!)
!!  
!!!
λ!,         (135a) 
    f! ≈ 1 +
!!!  !!
!
− (!!!!!)!!  
!!!
f!,          (136a) 
    !
!!
f!" ≈ (v! −   v!) −
(!!!!!)!!
!!
,           (137a)  
    cz!" ≈ −(v! −   v!) +
!!
!"
d! −   d! .          (138a) 
 !
!!
!"!"
!"
≈ −(d! − d!),            (139a) 
 c !"!"
!"
≈ d! − d!.             (140a) 
 
2.3.4. Source and observer are approaching with acceleration 
   For this case, a source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (141a) 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
.            (141b) 
The wavelength is changed, λ! = λ! − D! − D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (142) 
    f! =
!!!!! !
!!!!  
!!!
!!  !!!   !  
!!!!  
!!!
f!,             (143) 
    𝑐f!" =
!!!  !! ! !!!!!  !!!! /(!!)
!!  !!!   !  
!!!!  
!!!
f!,          (144) 
  cz!" = −
!!!  !!!
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
  
,          (145) 
    !
!!
!"!"
!"
= !!
!!!!! !
!!!!  
!!!
+
!!!!! !
!!!!  
!!!
!!
!!  !!!   !  
!!!!  
!!!
! ,          (146) 
    c !"!"
!"
= − !!!!!
!!  !!! !  
!!!!  
!!!
  
−
!!!!!!
!
!" !!!!!!!!!
!!  !!! !  
!!!!  
!!!
!
  
!!
!
,       (147) 
    λ! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! λ!,           (142a) 
    f! ≈ 1 +
!!!!!
!
+ !!!!!  
!!!
λ! f!,           (143a) 
    f!" ≈
!!!!!
!
+ !!!!!
!!!
λ! f!,           (144a) 
  cz!" ≈ − v! + v! −
!
!"
a! + a! λ!.         (145a) 
     !
!!
!"!"
!"
≈ a! + a! ,             (146a) 
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  c !"!"
!"
≈ −(a! + a!).             (147a) 
Source is approaching with acceleration, Observer is approaching with deceleration 
For this case, a source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
,            (148a) 
   D! = v!
!!
!
－
!
!
d!   
!!
!
!
.           (148b) 
The wavelength is changed, λ! = λ! − D! − D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!!   !  
!!!!  
!!!
λ!,             (149) 
    f! =
!!!!!   !  
!!!!  
!!!
!!  !!!   !  
!!!!  
!!!
f!.             (150) 
    𝑐f!" =
!!!  !! ! !!!!!  !!!! /(!!)
!!  !!!   !  
!!!!  
!!!
f!.          (151) 
    cz!" = −
!!!  !!!
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
  
.           (152) 
    !
!!
!"!"
!"
= !!!
!!!!! !
!!!!  
!!!
+
!!!!!   !  
!!!!  
!!!
!!
!!  !!!   !  
!!!!  
!!!
! ,          (153) 
    c !"!"
!"
= − !!!!!
!!  !!! !  
!!!!  
!!!
  
−
!!!!!!
!
!! !!!!!!!!!
!!  !!! !  
!!!!  
!!!
!
  
!!
!
.       (154) 
    λ! ≈ 1 −
!!!!!
!
− !!!!!  
!!!
λ! λ!,           (149a) 
    f! ≈ 1 +
!!!!!
!
+ !!!  !!  
!!!
λ! f!,           (150a) 
    f!" ≈
!!!!!
!
+ !!!!!
!!!
λ! f!,           (151a) 
    cz!" ≈ − v! + v! −
!
!"
a! − d! λ!.         (152a) 
    !
!!
!"!"
!"
≈ a! − d! ,             (153a) 
    c !"!"
!"
≈ −(a! − d!).             (154a) 
Source is approaching with deceleration, Observer is approaching with acceleration 
A source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (155a) 
   D! = v!
!!
!
+ !
!
a!   
!!
!
!
.            (155b) 
The wavelength is changed, λ! = λ! − D! − D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (156) 
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    f! =
!!!!! !
!!!!  
!!!
!!  !!! !  
!!!!  
!!!
f!.             (157) 
    𝑐f!" =
!!!  !! ! !!!!!  !!!! /(!!)
!!  !!!   !  
!!!!  
!!!
f!.          (158) 
    cz!" = −
!!!  !!!
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
  
.           (159) 
λ! ≈ 1 −   
!!!!!  
!
+ (!!!!!)!!  
!!!
λ!,          (156a) 
 f! ≈ 1 +
!!!!!
!
− !!!!!  
!!!
λ! f!,           (157a) 
 !
!!
f!" ≈ v! +   v! −
!!!  !!
!!
λ! ,          (158a) 
 cz!" ≈ − v! +   v! −
!!!  !!
!!
λ! ,          (159a) 
    !
!!
!"!"
!"
≈ −(d! − a!),            (160) 
 c !"!"
!"
≈ d! − a!.             (161) 
Source and Observer are approaching with deceleration 
For this case, a source’s and an observer’s moving distances are, respectively,  
   D! = v!
!!
!
− !
!
d!   
!!
!
!
,            (162a) 
   D! = v!
!!
!
− !
!
d!   
!!
!
!
.           (163b) 
The wavelength is changed, λ! = λ! − D! − D!. We obtain,  
λ! =
!!  !!  ! !  
!!!!  
!!!
!!!!! !
!!!!  
!!!
λ!,             (164) 
    f! =
!!!!! !  
!!!!  
!!!
!!  !!! !  
!!!!  
!!!
f!.             (165) 
    !
!!
f!" =
!!!  !! ! !!!!!  !!!! /(!!)
!!  !!!   !  
!!!!  
!!!
.          (166) 
    cz!" = −
!!!  !!!
!
!" !!!!!  !!!!
!!  !!! !  
!!!!  
!!!
  
.           (167) 
    !
!!
!"!"
!!
= !!!
!!!!! !
!!!!  
!!!
−
!!!!! !  
!!!!  
!!!
!!
!!  !!! !  
!!!!  
!!!
! ,          (168) 
    c !"!"
!"
= !!!!!
!!  !!! !  
!!!!  
!!!
  
+
!!!!!!
!
!" !!!!!!!!!
!!  !!! !  
!!!!  
!!!
!
  
!!
!
.        (169) 
λ! ≈ 1 −   
!!!!!  
!
+ !!!!!)!!  
!!!
λ!,          (164a) 
 f! ≈ 1 +
!!!!!
!
− !!!!!  
!!!
λ! f!,           (165a) 
 !
!!
f!" ≈ v! +   v! −
!!!  !! !!
!!
,          (166a) 
 cz!" ≈ − v! +   v! −
!!
!"
d! +   d! ,         (167a) 
	   22	  
 !
!!
!"!"
!"
≈ −(d! + d!),            (168a) 
 c !"!"
!"
≈ d! + d!.             (169a) 
We show that, for slow motion, only the relative differences in both velocity and 
acceleration/deceleration between the observer and the source needs to be considered. 
 
3. Doppler Effect of Light from Non-uniformly Moving Mirror 
By employing the Lorentz transformation to convert from a reference frame where the mirror is 
stationary to the reference frame where the mirror is in uniform motion, Einstein derived the Doppler 
formula from a uniformly moving mirror. However Lorentz transformation cannot be applied to a 
non-uniformly moving frame. We will derive the extended Doppler formula for a non-uniformly 
moving mirror for a special case that an observer and a source are at the same location and are at rest to 
each other (we call it the source/observer), and that the moving directions of source/observer and the 
mirror are along the same axis. We assume that, during the reflection, the wavelength is the same. 
Notations: Subscripts “OS” and “M” denotes the quantities of source/observer and mirror 
respectively.  
3.1. Source/Observer is moving, mirror is stationary 
3.1.1. Source/Observer is receding with acceleration/deceleration 
For this case, we separate the process into two phases.  
First Phase. Consider wavelength before reflected by mirror (Fig. 1 (A) and (B)). The source/observer 
recedes from the mirror with velocity vOS and acceleration aOS and emits wave of wavelength λ!.  
    Mirror        #1 crest      
 
     vOS, aOS    
      source/receiver      (A) 
        #1 crest      #2 crest    
        
          λ!    D!     (B)                 
       
Fig. 1 
This case is equivalent to the case that a source is receding from an observer. Now the mirror plays the 
role of “observer”. The source/observer moves a distance during the emission,  
    D! = v!"
!!
!
+ !
!
a!"
!!
!
!
.           (170a) 
The wavelength arrived at the mirror is λ! = λ! + D! = λ! + v!"
!!
!
+ !
!
a!"
!!
!
!
. 
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Second Phase. Consider wavelength after reflecting by mirror. This case is equivalent to the case an 
observer is receding from a source where the mirror plays the role of “source” that “emitting” the wave 
of wavelength 𝜆! (Fig. 1(C). When crest #2 reaches the source/observer, the source/observer moves a 
distance D2 (Fig. 1(D), 
 D! = v!"
!!
!
+ !
!
a!"
!!
!
!
.           (170b) 
          #2 crest        #1 crest    
 
       𝜆!       (C)   
    
     
                     #2 crest 
  
                       D2   (D) 
  
Fig. 1 
The received wavelength is λ! = λ! + D!, we obtain, 
    λ! = λ!
!!
!!"
! !
!!"!!
!!!
!!!!"! !
!!"!!
!!!
.             (171) 
    f! = f!
!!
!!"
! !
!!"!!
!!!
!!!!"! !
!!"!!
!!!
,             (172) 
    cf!" = −
!!!"!
!!"(!!!!!)
!!
!!!!"! !
!!"!!
!!!
f!,           (173) 
 𝑐z!" =
!!!"!
!!"(!!!!!)
!!   
!!!!"! !
!!"!!
!!!
,            (174) 
Time change. Taking	  time	  derivative,	  we	  obtain,	  
 !
!!
!"!"
!"
= !!!"
!!!!"! !
!!"!!
!!!
−
!!
!!"
! !
!!"!!
!!!
!!"
!!!!"! !
!!"!!
!!!
! ,         (175) 
 𝑐 !"!"
!"
= !!!"
!!!!"! !
!!"!!
!!!
−
!!!"!
!!"(!!!!!)
!! !
!!"
!
!!!!"! !
!!"!!
!!!
! ,        (176) 
Approximation. for slow moving source/observer, keeping first order terms only and taking !!
!
≈ !!
!
, 
we obtain the received wavelength and frequency, 
 λ! ≈ λ! 1 + 2
!!"
!
+ !!"
!!
λ! ,           (171a) 
 f! ≈ f! 1 − 2
!!"
!
− !!"
!!
λ! ,           (172a) 
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    !
!!
f!" ≈ − 2v!" + a!"
!!
!
,           (173a) 
 𝑐z!" ≈ 2v!" +
!!"!!
!
,            (174a) 
 !
!!
!"!"
!"
≈ −2a!",             (175a) 
 𝑐 !"!"
!"
≈ 2a!".              (176a) 
Source/Observer is receding with deceleration 
First Phase. The source/observer moves a distance during the emission,  
    D! = v!"
!!
!
− !
!
d!"
!!
!
!
.           (177a) 
The wavelength arrived at the mirror is λ! = λ! + D!.        
Second Phase. The source/observer moves a distance D2 during receiving the wave crests #1 and #2, 
 D! = v!"
!!
!
− !
!
d!"
!!
!
!
.           (177b) 
Therefore the received wavelength is λ! = λ! + D!, we obtain 
    λ! = λ!
!!
!!"
!   !  
!!"!!
!!!
!!!!"! !
!!"!!
!!!
,            (178) 
    f! = f!
!!
!!"
! !
!!"!!
!!!
!!!!"! !  
!!"!!
!!!
,             (179) 
 f!" = f!
!!
!!"
! !
!!"(!!!!!)
!!!
!!!!"! !  
!!"!!
!!!
,           (180) 
 𝑐z!" =
!!!"!  
!!"(!!!!!)
!!   
!!!!"! !
!!"!!
!!!
,            (181) 
 𝑐 !"!"
!"
= f!
!!"
!!!!"! !  
!!"!!
!!!
+
!!
!!"
! !
!!"!!
!!!
!!"
!!!!"!   !  
!!"!!
!!!
! ,        (182) 
 𝑐 !"!"
!"
= !!!!"
!!!!"! !
!!"!!
!!!
−
!!!"
!!"(!!!!!)
!!
!!"
!
!!!!"! !
!!"!!
!!!
! ,        (183) 
 λ! ≈ λ! 1 + 2
!!"
!
− !!"
!!
λ! ,           (178a) 
 f! ≈ f! 1 − 2
!!"
!
+ !!"
!!
λ! ,           (179a) 
    !
!!
f!" ≈ − 2v!" − d!"
!!
!
,           (180a) 
 𝑐z!" ≈ 2v!" −
!!"!!
!
,            (181a) 
 !
!!
!"!"
!"
≈ 2d!",              (182a) 
 𝑐 !"!"
!"
≈ −2d!".             (183a) 
 
3.1.2. Source/Observer is approaching with acceleration/deceleration 
First Phase. The source/observer moves a distance during the emission,  
    D! = v!"
!!
!
+ !
!
a!"
!!
!
!
.           (184a) 
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The wavelength arrived at the mirror is λ! = λ! − D!. 
Second Phase. When crest #2 reaches the source/observer, the source/observer moves a distance D2, 
 D! = v!"
!!
!
+ !
!
a!"
!!
!
!
,           (184b) 
and λ! = λ! − D!. We obtain, 
    λ! = λ!
!!  
!!"
! !  
!!"!!
!!!
!!!!"! !
!!"!!
!!!
.            (185) 
    f! = f!
!!
!!"
! !
!!"!!
!!!
!!  !!"!   !  
!!"!!
!!!
,             (186) 
    !
!!
f!" =
!!!"!
!!"(!!!!!)
!!
!!!!"! !
!!"!!
!!!
,            (187) 
 𝑐z!" = −
!!!"!
!!"(!!!!!)
!!   
!!!!"! !
!!"!!
!!!
,           (188) 
 !"!"
!"
= f!
!!"
!
!!  !!"! !  
!!"!!
!!!
+
!!
!!"
! !
!!"!!
!!!
!!"
!
!!  !!"! !  
!!"!!
!!!
! ,        (189) 
 𝑐 !"!"
!"
= − !!!"
!!!!"! !
!!"!!
!!!
−
!!!"!
!!"(!!!!!)
!!
!!"
!
!!!!"! !
!!"!!
!!!
! ,       (190) 
 λ! ≈ λ! 1 − 2
!!"
!
− !!"
!!
λ! ,           (185a) 
 f! ≈ f! 1 + 2
!!"
!
+ !!"
!!
λ! ,           (186a) 
    !
!!
f!" ≈ 2v!" + a!"
!!
!
,            (187a) 
 𝑐z!" ≈ − 2
!!"
!
+ !!"!!
!!
,            (188a) 
 !
!!
!"!"
!"
≈ 2a!",              (189a) 
 𝑐 !"!"
!"
≈ −2a!".             (190a) 
Source/Observer is approaching with deceleration 
The source/observer moves a distance during the emission,  
    D! = v!"
!!
!
− !
!
d!"
!!
!
!
.           (191a) 
The wavelength arrived at the mirror is λ! = λ! − D!. 
When crest #2 reached the source/observer, the source/observer moves a distance D2, 
 D! = v!"
!!
!
− !
!
d!"
!!
!
!
,           (191b) 
and λ! = λ! − D!. We obtain  
    λ! = λ!
!!  
!!"
! !  
!!"!!
!!!
!!!!"! !  
!!"!!
!!!
.            (192) 
    f! = f!
!!
!!"
! !  
!!"!!
!!!
!!  !!"! !  
!!"!!
!!!
,             (193) 
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 !
!!
f!" =
!!!"!
!!"
! !!
!!  !!"! !  
!!"!!
!!!
,             (194) 
    𝑐z!" = −
!!!"!
!!"(!!!!!)
!!   
!!!!"! !
!!"!!
!!!
,            (195)  
 !"!"
!"
= f!
!!!"!
!!  !!"! !
!!"!!
!!!
−
!!
!!"
! !
!!"!!
!!!
!!"
!
!!  !!"! !
!!"!!
!!!
! ,        (196) 
 𝑐 !"!"
!"
= !!!"
!!!!"!   !  
!!"!!
!!!
−
!!!"!
!!"(!!!!!)
!! !
!!"
!
!!!!"! !  
!!"!!
!!!
! ,       (197) 
 λ! ≈ λ! 1 − 2
!!"
!
+ !!"
!!
λ! ,           (192a) 
    f! ≈ f! 1 + 2
!!"
!
− !!"
!!
λ! ,           (193a) 
    !
!!
f!" ≈ 2v!" −
!!"
!
λ!,            (194a) 
    𝑐z!" ≈ −2v!" +
!!"!!
!
,            (195a) 
 !
!!
!"!"
!"
≈ −2d!",             (196a) 
 𝑐 !"!"
!"
≈ 2d!".              (197a) 
 
3.2.  Mirror is moving, Source/Observer is stationary 
3.2.1. Mirror is receding with acceleration/deceleration 
In this case, a mirror is moving at a velocity “vM” and acceleration “aM” to the right (Fig. 2). The 
source emits a light wave incident on the mirror that reflects light. Wave crest #1 and #2 are emitted 
towards to the mirror (Fig. 2(A). Crest #1 reaches the mirror at position F and reflected back to 
source/observer while crest #2 at position H as shown in Fig. 2(B). The distance HF is equal to the 
wavelength 𝜆!. For this simplest situation, we assume that the angles of incidence and reflection of the 
light is equal to each other. Fig. 2(C) shows that when crest #2 reaches the position F, crest #1 reaches 
to the position H, and the mirror moves away from the position F. In Fig. 2(D) crest #2 moves an 
additional distance to reach the mirror at the position G and reflected back towards to the 
source/observer. Denote the distance FG (  = HJ) as DM, then  
D! = v!∆t! +
!
!
a! ∆t! ! = v!
!!
!
+ !
!
a!
!!
!
!
       (198) 
and λ! = λ! + 2D!. We obtain 
λ! =
!!
!!!!!! !
!!
!!
!!
,             (199) 
f! = f! 1 − 2
!!
!
− !!
!!
λ! ,            (200) 
f!" = −f! 2
!!
!
+ !!
!!
λ! ,            (201) 
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cz!" =
!!!!
!!
! !!
!!!!!! !
!!
!!
!!
,             (202) 
         #2 crest     #1 crest   Mirror: velocity “vM”, acceleration “aM” 
 
    
 source/observer           (A) 
               #2 crest   #1 crest 
              
   
        H    F       (B) 
                  #1 crest    #2 crest 
  
          
          H   F       (C)   
   𝜆!  
           #1 crest                  #2 crest 
 
  J   H            DM G   
              (D) 
Fig. 2 
Time Derivative. Taking time derivative, we obtain, 
    !
!!
!"!"
!"
= −2a!,             (203) 
    𝑐 !"!"
!"
= !!!
!!!!!! !
!!
!!
!!
−
!!!!
!!
! !! !!
!!
!
!!!!!! !
!!
!!
!!
! ,         (204) 
Approximation. For slow motion, keep the first order terms only and taking !!
!
≈ !!
!
, we obtain, 
λ! ≈ λ! 1 + 2
!!
!
+ !!
!!
λ! ,           (1999a) 
f! ≈ f! 1 − 2
!!
!
− !!
!!
λ! ,            (200a) 
f!" ≈ −f! 2
!!
!
+ !!
!!
λ! ,            (201a) 
cz!" ≈ 2v! +
!!
!
λ!.             (202a) 
    𝑐 !"!"
!"
≈ 2a!.              (204a) 
Deceleration. For this case, λ! = λ! + 2D!,  
D! = v!
!!
!
− !
!
d!
!!
!
!
,            (205) 
we	  obtain, 
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λ! =
!!
!!!!!! !
!!
!!
!!
,             (206) 
f! = f! 1 − 2
!!
!
+ !!
!!
λ! ,           (207) 
f!" = −f! 2
!!
!
− !!
!!
λ! ,            (208) 
cz!" =
!!!!  
!!
! !!
!!!!!! !
!!
!!
!!
,             (209) 
    !
!!
!"!"
!"
= 2d!,              (210) 
    𝑐 !"!"
!"
= !!!!
!!!!!! !
!!
!!
!!
−
!!!!  
!!
! !! !
!!
!
!!!!!! !
!!
!!
!!
! ,         (211) 
λ! ≈ λ! 1 + 2
!!
!
− !!
!!
λ! ,           (206a) 
f! ≈ f! 1 − 2
!!
!
+ !!
!!
λ! ,            (207a) 
f!" ≈ −f! 2
!!
!
− !!
!!
λ! ,            (208a) 
cz!" ≈ 2v! −
!!
!
λ!.             (209a) 
    𝑐 !"!"
!"
≈ −2d!.             (211a) 
 
3.2.2. Mirror is approaching with acceleration/deceleration 
By simply replacing λ! = λ! + 2D! with λ! = λ! − 2D! in formulas of section 3.2.1, where 
D! = v!
!!
!
+ !
!
a!
!!
!
!
,            (212) 
we obtain 
λ! =
!!
!!!!!! !
!!
!!
!!
,             (213) 
f! = f! 1 + 2
!!
!
+ !!
!!
λ! ,            (214) 
f!" = f! 2
!!
!
+ !!
!!
λ! ,            (215) 
cz!" = −
!!!!
!!
! !!
!!!!!! !
!!
!!
!!
,            (216) 
Time Derivative. Taking time derivative, we obtain, 
    !
!!
!"!"
!"
= 2a!,              (217) 
    𝑐 !"!"
!"
= !!!!
!!!!!! !
!!
!!
!!
+
!!!!
!!
! !! !
!!
!
!!!!!! !
!!
!!
!!
! ,         (218) 
Approximation. For slow motion, keep the first order terms only and taking λ! ≈ λ!, we obtain, 
λ! ≈ λ! 1 − 2
!!
!
− !!
!!
λ! ,           (213a) 
f! ≈ f! 1 + 2
!!
!
+ !!
!!
λ! ,            (214a) 
f!" ≈ f! 2
!!
!
+ !!
!!
λ! ,            (215a) 
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cz!" ≈ −2v! −
!!
!
λ!.            (216a) 
    𝑐 !"!"
!"
≈ −2a!.             (218a) 
Approaching with deceleration 
We obtain 
D! = v!
!!
!
− !
!
d!
!!
!
!
            (219) 
λ! =
!!
!!!!!! !  
!!
!!
!!
,             (220) 
f! = f! 1 + 2
!!
!
− !!
!!
λ! ,           (221) 
f!" = f! 2
!!
!
− !!
!!
λ! ,            (222) 
cz!" = −
!!!!  
!!
! !!
!!!!!! !  
!!
!!
!!
,            (223) 
    !
!!
!"!"
!"
= −2d!,             (224) 
    𝑐 !"!"
!"
= !!!
!!!!!! !
!!
!!
!!
−
!!!!  
!!
! !! !
!!
!
!!!!!! !  
!!
!!
!!
! ,         (225) 
λ! ≈ λ! 1 − 2
!!
!
+ !!
!!
λ! ,           (220a) 
f! ≈ f! 1 + 2
!!
!
− !!
!!
λ! ,            (221a) 
f!" ≈ f! 2
!!
!
− !!
!!
λ! ,            (222a) 
cz!" ≈ −2v! −
!!
!
λ!.            (223a) 
    𝑐 !"!"
!"
≈ 2d!.              (225a) 
 
3.3.  Source/Observer is moving, Mirror is moving 
The mirror moves with velocity v! and acceleration/deceleration, a!/d!. The source/observer 
moves with velocity v! and acceleration/deceleration, a!/d!. Let’s set a coordinate system, in which 
both a mirror and a source/observer are accelerating separately.  
 
3.3.1. Source/Observer and Mirror are receding with acceleration 
We separate the process into three phases. 
First phase: A source emit wave of wavelength λ!. During the emission of crest #1 and #2, the source 
moves a distance D1 (Fig. 3(A) and (B).  
The wavelength become 𝜆! and 
    λ! = λ! + D! = λ! + v!
!!
!
+ !
!
a!
!!
!
!
= λ! 1 +
!!
!
+ !!!!
!!!
. 
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             #1 crest   Mirror: v! and a! 
 
   
             source/observer : v! and a!    (A)       
    
          #2 crest    #1 crest   
 
D!   λ!                      (B) 
     
Fig. 3 
Second phase: The incident wave of wavelength λ! reflected by moving mirror.  
                #2 crest    #1 crest 
 
   
       A  𝜆!   B        (C) 
       
                 #1 crest     #2 crest 
 
          
       A   B  C      (D) 
 
                         𝜆!!         #2 crest 
         #1 crest     𝜆!                     
 
    D2                  D2 
     E   A     B    D     (E) 
Fig. 3 
Crest #1 reaches the mirror at point B and reflected back towards the source/observer while crest #2 
reaches at the point A (Fig. 3(C)). When crest #2 reaches the point B, crest #1 reaches the point A, and 
the mirror moves to the point C (Fig. 3(D)). Crest #2 needs to move an extra distance D2 to reaches the 
mirror at the point D and reflected back, while crest #1 moves to the point E (Fig. 3(E)), so  
BD = EA = D!. We have 
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    D! = v!
!!!
!
+ !
!
a!
!!!
!
!
 and λ!! =
!! !!
!!
! !
!!!!
!!!
!!!!! !
!
!!!
!!
!
!!
. 
The wavelength of the reflected wave is 
    λ! = λ!! + D! =
!! !!
!!
! !
!!!!
!!!
! !!
!!
!
! !
!
!!!
!!
!
!
!
!!!!! !
!
!!!
!!
!
!!
!!!!! !
!
!!!
!!
!
!!
, 
Third phase: The receding observer receives the reflected wave of wavelength λ!. 
                      #1 crest  λ!    #2 crest 
 
   
             F         G  (F) 
         Observer  
              #1 crest           #2 crest 
 
          
      K        H   F         (G) 
  #1 crest           #2 crest 
 
                       
       λ!    D! 
  L       J     F            (H) 
Fig. 3 
Fig. 3(F)) shows crest #1 reaches the source/observer at the point F. When crest #2 reaches the point F, 
crest #1 reaches the point K, and the source/observer has moved to the point H (Fig. 3(G)). Crest #2 
reaches the observer at the point J, while crest #1 reaches the point L, while the observer has moved a 
distance D! = FJ,  
    D! = v!
!!
!
+ !
!
a!   
!!
!
!
.   
Therefore the wavelength is stretched from λ! to λ!, λ! = λ! + D!, 
    λ! =
!! !!
!!
! !
!!!!
!!!
! !!
!!
!
! !
!
!!!
!!
!
!
!
!!!!! !
!
!!!
!!
!
!!
!!!!! !
!
!!!
!!
!
!!
!!!!! !
!!
!!!
!!  
,       (226)  
    z!" =   
!! !!
!!
! !
!!!!
!!!
! !!
!!
!
! !
!
!!!
!!
!
!
!
!!!!! !
!
!!!
!!
!
!!
!! !!
!!
! !
!
!!!
!!
!
!!
!!!!! !
!!
!!!
!!  
− 1,      (227) 
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 f! =
!!!!! !
!
!!!
!!
!
!!
!!!!! !
!!
!!!
!!  
!! !!
!!
! !
!!!!
!!!
! !!
!!
!
! !
!
!!!
!!
!
!
!
!!!!! !
!
!!!
!!
!
!!
,       (228) 
    f!" =
!!!!! !
!
!!!
!!
!
!!
!!!!! !
!!
!!!
!!  
!! !!
!!
! !
!!!!
!!!
! !!
!!
!
! !
!
!!!
!!
!
!
!
!!!!! !
!
!!!
!!
!
!!
− f!,      (229) 
Time Derivative. The expressions of time derivatives of above parameters are complicated and not 
necessary for slow moving source/observer and mirror. Thus we only take time derivative of the 
approximation of those parameters as shown below. 
Approximation. For slow motion, we can keep first order terms and take !!
!
≈ !!
!
≈ !!
!
≈ !!
!
!
, then 
obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
+ !!!!!
!!
λ! ,          (226a) 
 cz!" ≈ 2(v! + v!) + (a! + a!)
!!
!
,          (227a) 
    f! ≈ f! 1 − 2
!!!!!
!
− (a! + a!)
!!
!!
,         (228a) 
 f!" ≈ −f! 2
!!!!!
!
+ (a! + a!)
!!
!!
,          (229a) 
 !
!!
!"!"
!"
≈ −2(a! + a!),            (230) 
 𝑐 !"!"
!"
≈ 2(a! + a!).            (231) 
Source/Observer is receding with acceleration, Mirror is receding with deceleration 
Following the same argument, for this case, the formulas have the same form but need to replace 
the acceleration of mirror a! with −d!. The exact expressions of parameters are complicated and not 
necessary for slow moving source/observer and mirror. Thus, start from this section, we only take 
approximate expressions of those parameters as shown below.  
For slow motion, keep non-linear terms and take !!
!
≈ !!
!
≈ !!
!
≈ !!
!
!
, we obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
+ !!!!!
!!
λ! ,          (232) 
 cz!" ≈ 2(v! + v!) + (a! − d!)
!!
!
,          (233) 
    f! ≈ f! 1 − 2
!!!!!
!
− (a! − d!)
!!
!!
,         (234) 
 f!" ≈ −f! 2
!!!!!
!
+ (a! − d!)
!!
!!
,          (235) 
 !
!!
!"!"
!"
≈ −2(a! − d!),            (236) 
 𝑐 !"!"
!"
≈ 2(a! − d!).            (237) 
Source/Observer is receding with deceleration, Mirror is receding with acceleration 
For this case, for slow motion, we can take !!
!
≈ !!
!
≈ !!
!
≈ !!
!
!
, then obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
− !!!!!
!!
λ! ,          (238) 
 cz!" ≈ 2 v! + v! − (d! − a!)
!!
!
,          (239) 
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    f! ≈ f! 1 − 2
!!!!!
!
+ (d! − a!)
!!
!!
,         (240) 
 f!" ≈ −f! 2
!!!!!
!
− (d! − a!)
!!
!!
,          (241) 
 !
!!
!"!"
!"
≈ 2(d! − a!),            (242) 
 𝑐 !"!"
!"
≈ −2(d! − a!).            (243) 
Source/Observer and Mirror are receding with deceleration. For	  this	  case,	   for	  slow	  motion,	  we	  
can	  take	   !!
!
≈ !!
!
≈ !!
!
≈ !!
!
!
,	  then	  obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
− !!!!!
!!
λ! ,          (244) 
 cz!" ≈ 2 v! + v! − (d! + d!)
!!
!
,          (245) 
    f! ≈ f! 1 − 2
!!!!!
!
+ (d! + d!)
!!
!!
,         (246) 
 f!" ≈ −f! 2
!!!!!
!
− (d! + d!)
!!
!!
,          (247) 
 !
!!
!"!"
!"
≈ 2(d! + d!),            (248) 
 𝑐 !"!"
!"
≈ −2(d! + d!).            (249) 
 
3.3.2. Source/Observer is receding with acceleration, Mirror is approaching with acceleration 
Following the same argument above, for slow motion, we take !!
!
≈ !!
!
≈ !!
!
≈ !!
!
!
, obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
+ !!!!!
!!
λ! ,          (250) 
 cz!" ≈ 2 v! − v! + (a! − a!)
!!
!
,          (251) 
    f! ≈ f! 1 − 2
!!!!!
!
− (a! − a!)
!!
!!
,         (252) 
 f!" ≈ −f! 2
!!!!!
!
+ (a! − a!)
!!
!!
,          (253) 
 !
!!
!"!"
!"
≈ −2(a! − a!),            (254) 
 𝑐 !"!"
!"
≈ 2(a! − a!).            (255) 
Source/Observer is receding with acceleration, Mirror is approaching with deceleration 
For this case, we obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
+ !!!!!
!!
λ! ,          (256) 
 cz!" ≈ 2 v! − v! + (a! + d!)
!!
!
,          (257) 
    f! ≈ f! 1 − 2
!!!!!
!
− (a! + d!)
!!
!!
,         (258) 
 f!" ≈ −f! 2
!!!!!
!
+ (a! + d!)
!!
!!
,          (259) 
 !
!!
!"!"
!"
≈ −2(a! + d!),            (260) 
 𝑐 !"!"
!"
≈ 2(a! + d!).            (261) 
Source/Observer is receding with deceleration, Mirror is approaching with acceleration 
For slow motion, we obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
− !!!!!
!!
λ! ,          (262) 
 cz!" ≈ 2 v! − v! − (d! + a!)
!!
!
,          (263) 
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    f! ≈ f! 1 − 2
!!!!!
!
+ (d! + a!)
!!
!!
,         (264) 
 f!" ≈ −f! 2
!!!!!
!
− (d! + a!)
!!
!!
,          (265) 
 !
!!
!"!"
!"
≈ 2(d! + a!),            (266) 
 𝑐 !"!"
!"
≈ −2(d! + a!).            (267) 
Source/Observer is receding with deceleration, Mirror is approaching with deceleration 
For slow motion, we obtain, 
 λ! ≈ λ! 1 + 2
!!!!!
!
− !!!!!
!!
λ! ,          (268) 
 cz!" ≈ 2 v! − v! − (d! − d!)
!!
!
,          (269) 
    f! ≈ f! 1 − 2
!!!!!
!
+ (d! − d!)
!!
!!
,         (270) 
 f!" ≈ −f! 2
!!!!!
!
− (d! − d!)
!!
!!
,          (271) 
 !
!!
!"!"
!"
≈ 2(d! − d!),            (272) 
 𝑐 !"!"
!"
≈ −2(d! − d!).            (273) 
 
3.3.3. Source/Observer is approaching with acceleration, Mirror is receding with acceleration 
  For slow motion, we obtain, 
    λ! ≈ λ! 1 − 2
!!!!!
!
− !!!!!
!!
λ! ,          (274) 
 cz!" ≈ −2 v! − v! − (a! − a!)
!!
!
,         (275) 
    f! ≈ f! 1 + 2
!!!!!
!
+ (a! − a!)
!!
!!
,         (276) 
 f!" ≈ f! 2
!!!!!
!
+ (a! − a!)
!!
!!
,          (277) 
 !
!!
!"!
!"
≈ 2(a! − a!),             (278) 
 𝑐 !"!"
!"
≈ −2(a! − a!).            (279) 
Source/Observer is approaching with acceleration, Mirror is receding with deceleration 
 For slow motion, we obtain, 
    λ! ≈ λ! 1 − 2
!!!!!
!
− !!!!!
!!
λ! ,          (280) 
 cz!" ≈ −2 v! − v! − (a! + d)
!!
!
,          (281) 
    f! ≈ f! 1 + 2
!!!!!
!
+ (a! + d!)
!!
!!
,         (282) 
 f!" ≈ f! 2
!!!!!
!
+ (a! + d!)
!!
!!
,          (283) 
 !
!!
!"!
!"
≈ 2(a! + d!),             (284) 
 𝑐 !"!"
!"
≈ −2(a! + d!).            (285) 
Source/Observer is approaching with deceleration, Mirror is receding with acceleration 
    λ! ≈ λ! 1 − 2
!!!!!
!
+ !!!!!
!!
λ! ,          (286) 
 cz!" ≈ −2 v! − v! + (d! + a!)
!!
!
,         (287) 
    f! ≈ f! 1 + 2
!!!!!
!
− (d! + a!)
!!
!!
,         (288) 
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 f!" ≈ f! 2
!!!!!
!
− (d! + a!)
!!
!!
,          (289) 
 !
!!
!"!"
!"
≈ −2(d! + a!),            (290) 
 𝑐 !"!"
!"
≈ 2(d! + a!).            (291) 
Source/Observer is approaching with deceleration, Mirror is receding with deceleration 
    λ! ≈ λ! 1 − 2
!!!!!
!
+ !!!!!
!!
λ! ,          (292) 
 cz!" ≈ −2 v! − v! + (d! − d!)
!!
!
,         (293) 
    f! ≈ f! 1 + 2
!!!!!
!
− (d! − d!)
!!
!!
,         (294) 
 f!" ≈ f! 2
!!!!!
!
− (d! − d!)
!!
!!
,          (295) 
 !
!!
!"!"
!"
≈ −2(d! − d!),            (296) 
 𝑐 !"!"
!"
≈ 2(d! − d!).            (297) 
 
3.3.4. Source and Mirror are approaching with acceleration/deceleration 
For both approaching with acceleration, we obtain 
    λ! ≈ λ! 1 − 2
!!!!!
!
− !!!!!
!!
λ! ,          (298) 
 cz!" ≈ −2 v! + v! − (a! + a!)
!!
!
,         (299) 
    f! ≈ f! 1 + 2
!!!!!
!
+ (a! + a!)
!!
!!
,         (300) 
 f!" ≈ f! 2
!!!!!
!
+ (a! + a!)
!!
!!
,          (301) 
 !
!!
!"!
!"
≈ 2(a! + a!),             (302) 
 𝑐 !"!"
!"
≈ −2(a! + a!).            (303) 
Source/Observer is approaching with acceleration, Mirror is approaching with deceleration 
    λ! ≈ λ! 1 − 2
!!!!!
!
− !!!!!
!!
λ! ,          (304) 
 cz!" ≈ −2 v! + v! − (a! − d!)
!!
!
,         (305) 
    f! ≈ f! 1 + 2
!!!!!
!
+ (a! − d!)
!!
!!
,         (306) 
 f!" ≈ f! 2
!!!!!
!
+ (a! − d!)
!!
!!
,          (307) 
 !
!!
!"!
!"
≈ 2(a! − d!),             (308) 
 𝑐 !"!"
!"
≈ −2(a! − d!).            (309) 
Source/Observer is approaching with deceleration, Mirror is approaching with acceleration 
 λ! ≈ λ! 1 − 2
!!!!!
!
+ !!!!!
!!
λ! ,          (310) 
 cz!" ≈ −2 v! + v! + (d! − a!)
!!
!
,         (311) 
    f! ≈ f! 1 + 2
!!!!!
!
− (d! − a!)
!!
!!
,         (312) 
 f!" ≈ f! 2
!!!!!
!
− (d! − a!)
!!
!!
,          (313) 
 !
!!
!"!"
!"
≈ −2(d! − a!),            (314) 
 𝑐 !"!"
!"
≈ 2(d! − a!).            (315) 
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Source/Observer and Mirror are approaching with deceleration 
    λ! ≈ λ! 1 − 2
!!!!!
!
+ !!!!!
!!
λ! ,          (316) 
 cz!" ≈ −2 v! + v! + (d! + d!)
!!
!
,         (317) 
    f! ≈ f! 1 + 2
!!!!!
!
− (d! + d!)
!!
!!
,         (318) 
 f!" ≈ f! 2
!!!!!
!
− (d! + d!)
!!
!!
,          (319) 
 !
!!
!"!"
!"
≈ −2(d! + d!),            (320) 
 𝑐 !"!"
!"
≈ 2(d! + d!).            (321) 
 
4. Conclusion and Discussion 
We study systematically the effects of acceleration and deceleration of moving source, observer, 
and mirror on wavelength and frequency and show that acceleration and deceleration causes shifts of 
wavelength and frequency, denoted as “Acceleration-deceleration-shift”. The total shift, denoted as the 
Extended Doppler shift, is a summation of Doppler shift and Acceleration-deceleration-shift. Moreover 
acceleration and deceleration changes Doppler shift and total shift continuously, which implies that one 
can measure the time changes of both wavelength/frequency and shift of them to detect acceleration 
and/or deceleration of either source, or observer, or mirror/reflector. Also we show that only for slow 
moving case, the wavelength/frequency and shift are determined by the relative velocity and relative 
acceleration/deceleration.  
We summarize the Extended Doppler shift formula for all the non-uniformly moving 
source/observer/Mirror variations. 
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